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Abstract. Double algebra is the structure modelled by the properties of the 
ordinary and the convolution product in Hopf algebras, weak Hopf algebras and 
Hopf algebroids if a Frobenius integral is given. The Hopf algebroids possessing 
a Frobenius integral are precisely the Frobenius double algebras in which the 
two multiplications satisfy distributivity. The double algebra approach makes 
it manifest that all comultiplications in such measured Hopf algebroids are of 
the Abrams-Kadison type, i.e., they come from a Frobenius algebra structure 
in some bimodule category. Antipodes for double algebras correspond to the 
Connes-Moscovici 'deformed' antipode as we show by discussing Hopf and 
weak Hopf algebras from the double algebraic point of view. Frobenius algebra 
extensions provide further examples that need not be distributive. 



1. Introduction 

Let ^ be a Hopf algebra, weak Hopf algebra or a Hopf algebroid [H] and assume 
that there exists a (left or right) integral i ^ A which is a Frobenius homomorphism 
on the dual algebra. Such 'measured quantum groupoids' are known to have two 
algebra structures: the underlying algebra, which we call the vertical algebra V, 
and the horizontal algebra H with multiplication given by the convolution product 
★ and with unit given by the integral i. Studying the interrelation of these two 
algebras leads to the following 

Definition 1.1. Let k he a commutative ring. A fc-modulc A equipped with two 
associative unital fc-algebra structures V = (A, o,e) and H = {A,-k,i) is called a 
double algebra over k if the following properties hold: 

Al. (ai^ e) o b = {{a-k e) o i) -kb 

A2. a o [b-k e) = {i o [b-k e)) -k a 

A3, {ao i) -kb = {{a o i) -k e) o b 

A4. a*{boi) = (e-k (boi)) o a 

A5. ao (ekb) = a ★ (i o (e ★ 6)) 

A6. {ek a) o b = b-k {{e* a) o i) 

A7. a'k{iob) = ao {ek iiob)) 

A8. (« o a) ★ 6 = 6 o ((i o a) ★ e) 
for all a, 6 G A. 
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It will turn out to be useful to view the axioms in terms of the fc-linear maps 
A ^ A defined by 



(I.l) 
(1.2) 



LpB{a) 



a-k e 



a o I 



ipria) := 



e * a 



In case of the quantum groupoids mentioned above these ip^s are Frobenius homo- 
morphisms onto subalgebras L and i? of and B and T oi H , respectively. L and 
R are the target and source subalgebras, traditionally called A^ and A'^ 5_ or At 
and As ^T] of a weak Hopf algebra. If i was chosen to be a right integral then T is 
the trivial right A-module with cyclic vector i and B is the space of right integrals. 

It is known from M. Miiger's work ^H] that the left regular module in the 
monoidal category of left i?-modules over a Frobenius Hopf algebra iJ is a Frobe- 
nius algebra in which the multiplication is given by the convolution product. The 
ordinary multiplication of iJ, however, does not belong to this category. The double 
algebra is just the structure that incorporates both multiplications in a completely 
symmetric way. Moreover, it goes beyond Hopf algebras as far as the base ring(s) 
need not be commutative. 

The two comultiplications of the quantum groupoid arise naturally from the 
dual bases of (pB and lpt just as one associates a comultiplication to a Frobenius 
extension ^21 or to a Frobenius algebra pp. This gives a convenient formalism to 
deal with Hopf algebroids because the many bimodule structures over L and R 
one needs in can all be replaced with one of the natural bimodules bAb, tAt, 
lAl, rAh that arise from the subalgebras B,T C H and L,R C V. Since the 
comultiplications are uniquely determined by the Frobenius homomorphisms, the 
measured quantum groupoids consist of nothing more than two Frobenius algebra 
structures with certain compatibility conditions. 

The Frobenius double algebras are similar to the double Frobenius algebras of 
M. Koppinen jl5| and to the bi-Frobenius algebras of Y. Doi and M. Takeuchi 
in which, however, the base algebras B, L, T, R all coincide with the ground field. 
The closest relatives of double algebras in the C*-algebraic framework are probably 
the (quantum) hypergroups jSj. 

The use of four base algebras instead of two reveals a dihedral symmetry in 
measured quantum groupoids, which is evident from the above axioms. Therefore, 
as a rough picture of the double algebra, we may represent A as a square with its 
four boundary edges on the left, right, bottom and top corresponding to the base 
ideals. 

T 



L 




The orientation of the edges correspond to our convention of writing the second 
factor 6 in a vertical multiplication a o & on the top of a and in a horizontal mul- 
tiplication a * 6 on the right of a. Involving two neighbour base homomorphisms 
if, each of the eight axioms can be associated to a corner. The picture suggests 
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a relation to double categories which is probably not accidental. The examples of 
weak Hopf algebras constructed from double groupoids by N. Andruskiewitsch and 
S. Natale P] also point to that direction. 

Even if the four (^'s are Frobenius homomorphisms the double algebra is far from 
being a Hopf algebroid. The missing property can be most easily captured by saying 
that the two multiplications should be distributive over each other (see Definition 
17.1(1 . In Theorem 17.41 we prove that the Hopf algebroids with Frobenius integrals 
are precisely the distributive Frobenius double algebras. Since any statements about 
a double algebra remains true if horizontal and vertical are interchanged, the dual 
Hopf algebroid appears to be built into the double algebra as well as the original: 
they are the horizontal and vertical Hopf algebroids of the double algebra. The 
arising picture is reminiscent to that of the 'double triangle algebras' jl8l 1201 [TOj . 

Unlike the original papers ^ JZ, that are based on bialgebroids, the present 
double algebra approach to (measured) Hopf algebroids has a strong flavor of weak 
Hopf algebras, although the base algebras are no longer separable. This can be 
best seen in Section |21 or in the Maschke theorem of Section 0] The story from 
double algebras to Hopf algebroids is almost entirely contained in Sections [21 El and 
H Section 21 deals with an intermediate situation when distributivity does not hold 
but a Maschke theorem already works. Section |S1 serves for an introduction to the 
(double algebraic) antipode. 

As for the possible significance of nondistributive double algebras the example 
of Subsection 18.51 is worth a mention. The two-step centralizer (N) in the 
Jones tower N C M C M2 C M3 over any Frobenius extension N C M is a 
double algebra with antipode. The convolution product of this double algebra is, 
of course, obtained from the algebra structure of the second two-step centralizer 
Cms {M) by using Fourier transformation. In general this double algebra is not a 
quantum groupoid unless the extension iV C Af is of depth 2. 

2. Double algebras 

If A and A' are double algebras in the sense of Definition ll.ll then a map of double 
algebras f : A A' is simply a fc-module map which is an algebra homomorphism 
both vertically and horizontally. Relaxed morphisms, such as partly nonunital ones, 
can also play a role but we will not need them here. 

For any double algebra we define the maps ipB, '^l, '^r and by equations 
(|l.l(l and 1)1.2(1 and rewrite the axioms in terms of them as follows. 

Al. ipL{a) ob ^ ipB^Lia) *b 
A2. a o ipi^{b) — (pTipL{b) * a 
A3. (pB{a) -* b = ipLipB{a) o b 
A4. a * ipB{b) = ipRipBib) o a 
A5. a o ipR{b) = a * (pT^R{b) 
A6. ipR{a) ob ^ b* ipB(pR{a) 
A7. a-k frib) — a o ipRipj'ib) 
A8. ipxia) b — b o ipi^ipf^a) 

(Note that we employed juxtaposition to denote composition of maps because o is 
reserved for vertical multiplication.) 

These expressions contain neither i's nor e's, so they can be the starting point 
of further generalizations. But even in the unital case they are simpler to deal with 
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than the original Definition ll.il at least after acquainting with the basic properties 
of the (/j's. 

The D4 symmetry of this structure can be generated by the following operations: 
1. interchanging the vertical and horizontal algebra structures and 2. replacing o 
with its opposite while keeping * unchanged. Applying the first to the double 
algebra A one obtains the double algebra A^ , applying the second one obtains 
Aop. The double algebra ((^^)op)^ is called ^coop- 
Lemma 2.1. In any double algebra A over k 

(a) L := (pi:^{A) and R :~ ip]i{A) are left, resp. right, ideals in H , 

(b) B := ipB{A) and T (^t(^) are left, resp. right, ideals in V , 

(c) L and R are subalgebras of V , 

(d) B and T are subalgebras of H , 

(e) with respect to the natural bimodule structure for a subalgebra the 's are 
bimodule maps 

fL- lVl ^ lLl, ^r- rVr~^ rRr, 
<Pb'- bHb bBb, ^t- tHt — * tTt ■ 

Proof, (a) and (b) are obvious. Using axiom Al twice and associativity of * 
i^L (a) o 5) = ((a ★ e) o i) ★ (6 ★ e) = (^L (a) ° (b) , 

together with fL{i) — i * e = e, proves that L is a (unital) subalgebra of V and at 
the same time that ipL is a left L-module map. That it is also a right L-module 
map follows by applying A2, then associativity of ★ and then A2 again, 

ipL (a o ipL (b) ) = (pL {^t'Pl (b) ★ a) = (pr^L (b) * ifiL (a) = 
= ipL{a) ° VLib) ■ 

Passing to Aop the above result implies that R is also a subalgebra of V and that 
(pu is a bimodule map. Passing to A^ we obtain the corresponding results for ps 
and pt. O 



The L, R, B, and T will be called respectively the left, right, bottom and top 
subalgebra, or ideal, of A. Together they will be referred to as the base ideals, or 
as the base algebras, and the ip^s as the base homomorphisms of the double algebra 
A. 

Lemma 2.2. In any double algebra 

(a) the base homomorphisms satisfy the identities 

^xVYVx = Vx for{X,Y)^{L,B),{B,L)AB,R),{R,B), 

{R,T),{T,R),{T,L),and {L,T) , 

i.e., for any pair of base ideals which share the same corner, and 



VxVy = VyVx for {X, Y) = {L, R) or {B, T) , 
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(b) restrictions of base maps give rise to algebra isomorphisms 

^l\b ■ B L with inverse (Pb\l ■ L B , 
'PbIr- R — > with inverse (Pr\b ■ — > R, 

'Pajr- T R with inverse (Pt\r '■ R T , 
iPt\l ■ L — > r°'^ with inverse (Pl\t '■ — s- L , 

(c) and the L and R commute within V and the B and T commute within H, 
i.e., 

I o r = r o I I E L, r E R , 
h-kt ^t*b be B, teT . 

Proof, (a) Setting & = e in Al one immediately gets 'Pl'Pb'Pl = 'Pl and similarly, 
each further axiom provides one more identity. That the maps under (b) are k- 
module isomorphisms is obvious from (a). It remains to show that they are algebra 
maps. We are content with proving this for 

^L{b) o ipLib') = ipB'PL{b)*(pLib') = b-k(pLib') = ipL{b*b'). 

In order to prove (c) we compute 

(Pl{o-) o y^R{b) — ((a * e) o i) -k {e -k b) = a* e-kb 
(pR{b) o Lpi^ia) = [a -k e) -k {{e k: b) o i) = ek;b 

where Al was used in the first and A6 in the second line. The dual formula yields 
commutativity of T and B. □ 

Corollary 2.3. The appropriate restrictions of the base homomorphisms provide 
the algebra isomorphisms 

(2.1) L n Center V" ^ B n T = i? n Center t/ 

(2.2) Bn Center H = LCiR^Tn Center H 

(2.3) L n i? n Center F B n T n Center iJ . 

In case of Hopf algebras fSubsection I8.9|l the base algebras are all trivial, i.e., 
coincide with k ■ e and k ■ i, respectively. In case of weak Hopf algebras (Subsection 
I8.1U|I the base algebras are separable /c-algebras but all the commutative algebras 
in the Corollary can be nontrivial. For Hopf algebroids (Subsection 18. the base 
algebras are unrestricted. As in JJj one may call the situation B D T — k ■ i a 
connected double algebra, the situation L Cl R = k ■ e a coconnected double algebra 
and if both conditions are met a biconnected double algebra. 

The isomorphisms between the base subalgebras offers the following interpre- 
tation of the axioms. The eight possible actions of the four base algebras on the 
double algebra are organized into four actions. Therefore we redraw the picture of 
the double algebra as 

T 
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where the attached Unes correspond to the above mentioned four base algebra 
actions, but not to specific base algebras, however. The Temperley-Lieb type of 
identities under Lemma (a) suggest that the tensor squares A(S) A w.r.t. B, L, 

X 

T, R should be represented respectively by the diagrams 




where A and A' refer to the first and second tensorands, respectively. 

The (a) part of the above Lemma implies that B, L, T, R are direct summands of 
the fc-module A. The projections ipL^B, '^r.^b, ■ ■ ■ etc onto the base ideals appear 
also in the formulas 

aoi = (psia) = fsiO') *i = '^l^b{o) ° i 
i o a = (pria) = i * ^rifl) — i o ip^^j^[a) 

which suggest that i should be a 2-sided integral in V in some appropriate quantum 
groupoid sense. The dual formulas present e as a 2-sided integral in H . Although 
double algebras are far from being quantum groupoids, we shall use the name 
integral for the elements of the fc-modules defined in the next Lemma. Since a 
double algebra unifies two dual structures, it should not be a surprise that the 
integrals do not give entirely new ideals in A, just give a new characterization of 
the base ideals. More precisely, we have 

Lemma 2.4. In any double algebra A define the k-suhmodules 

1r. '■= {i- A\l -k a = I -k ipB^R{a), aGA} 
II '■= {r E A\a-k r = (pBPL{a,) ^r, a E A} 
Xt {b E A\b o a = b o ipi^iprp{a), a E A} 
Tb := {t E A\aot = LpupBio) ot, a E A} 

Then 

LcIrCCv{R) RcIl cCviL) 
BcItCCh{T) T(iIbEQh{B) 

If the bilinear forms ipB/xi- * -) o.i^'d- (fL/Ri- ° -) o.i'^ nondegenerate then 

Ir — L, Tl — R, It ~ B, Tb ~ T. 

Proof. It suffices to prove the statements for Tj^. In view of Lemma f2. 21 fa) for all 
a' eA 

ipL{a')ka = a' kipR{a) = a (pR(pBipR{a) = ipLia) k ipB(pR{a) 
therefore L cTr. Next let V eTr. Then for all a E A 

I' o ipR{a) ^ I' k ipTipR{a) = 1' -k ifB^Ria) = ipR{a) o I' 
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hence 2r C Cy(i?). Now assume that ^pb{- is nondegenerate and let V G Tr. 
Then 

lPb{1' * a) = lpb{1' * ipB^R.ia)) = ipb{1') * <PB{.e-ka) = ^pb{vb{1') *e-ka) 
= (pBiVLVBil')*a) 

impUes that I' E L. □ 

Lemma 2.5. An element r E R is invertible in V iff it is invertible in R. Similar 
statements hold for L, B and T . 

Proof. Let V E Ahe such that vor = e = rov. Then 

ipRifxiv) or ^ (pr{(pt{v) or) ^ ipRipriv o r) = ipRipTie) = e 
r o ipRipB{v) = ipR{r o (pb{v) = ipRifBir o v) = tpRipBie) = e 

therefore (pRipT{v) — (pRipsiv) — r^^ G i?. □ 

Our next theme is the restriction to the base ideals of the would-be Nakayama 
automorphism of the base maps. Composing the algebra isomorphisms found in 
Lemma 12.21 we obtain two isomorphisms from L to R°^ and two ones from B to 

rpop 

iPr(Pt\l ■ L i?°P Vr(Pb\l ■ L i?°P 
^TfL\B-B-^T°P ^t^r\b:B^T°p 
the differences of which being measured by the automorphisms 

(fRipBVLVTlR- R ^ R, ipT^RfBVLlT- T T . 

Lemma 2.6. For any a E A. I E L, b E B, r E R and t E T we have 
LpL{a or) = ipL{vL{r) o a) ipR{a o I) ^ ipR{iyR{l) o a) 
ipB{a*t) = <PB{vB{t) ★a) ipria^b) = tpT{vT{b)*a) 

where we introduced 

(2.4) i^Lir) = (pRipB^LVrir) , vr{1) = ^LVB^RV^ril) 

(2.5) l^Bit) = (fiT^L^B^PRit) , Vrib) = ipB^LVTfRib) . 

Proof. We prove the formula for (pB, the rest is left to the reader. 

ipBi^PTVLVB^PRit) a) = ipB{ao ipLipBipR{t)) = 

= ao ipBi^L^B^Rit)) = a o ipB^Rit) = ipB{ao (pR{t)) = 
= ipBia*t) . 

□ 

3. Frobenius double algebras 

We recall some facts about Frobenius extensions 13' in order to fix the termi- 
nology. For a subalgebra L C A a Frobenius homomorphism ip is a bimodule map 
lAl — > lLl possessing dual bases. The latter means a finite set of pairs {xi,yi} 
of elements of A such that 

'^ip{axi)yi = a = x [y lO) , Va e A . 
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The element J^i Xi<S>yi € A(E)A is independent of the choice of the dual bases because 

L 

for any choice it is the unit for the associative multiplication defined on A>S> Ahy 

L 

means of ip a.s {a(^ b){c ^ d) — a(p{bc) (g) d. For this reason we shall, by an abuse 
of language, call Xi (E) yi the dual basis of tp. The Nakayama automorphism of a 
Frobenius homomorphism ip is an automorphism of the centralizer Ca{L) defined 
by either one of the equivalent equations 

(3.1) iy^{c) ^^(p{x^c)y^ 

i 

(3.2) (p{ac) — (p{v^p{c)a) , a e A, c G Ca{L) 

(3.3) '^XiC'^yi = ^^x^ (g) iy^{c)y^ , c e Ca{L) . 

i i 

The central element Indip :— '^^Xiyi G Center A defines the index of ip but not of 
the extension, however. 

Definition 3.1. The double algebra {A, o, e, i) is called Frobenius if (pL, fs, fR 
and (pT are Frobenius homomorphisms. 

We introduce a special notation for the dual bases of each Frobenius homomor- 
phism, 

Uk^Vk G A A is the dual basis of ipB, 

B 

J2j ®yj G A eg) A is the dual basis of i^^, 
®v'^ G A® A\s the dual basis of ^pT^ 

T 

J2i € A® Ais the dual basis of ip^, 

although the summation symbol will always be suppressed. 

As we have the inclusion T C Qa{B)^ the Nakayama automorphism vb oi ipB 
can be restricted to T . Lemma 12.61 yields explicit expressions for this restriction 
and for the analogous ones of vt and vr. 

In order to see the connection of double algebras to quantum groupoids it is cru- 
cial to change the view of Frobenius structures as just Frobenius homomorphisms. 
As it has been made clear by L. Kadison for Frobenius extensions and by L. 
Abrams for Frobenius algebras a Frobenius homomorphism A ^ X for a subal- 
gebra X <Z A is equivalent to a comonoid in the bimodule category j^Mjc, i.e., an 
X-coring that is compatible with multiplication in the sense of the comultiplication 
being an A-A-bimodule map. Therefore in a Frobenius double algebra 

(A, As, ifB) is a comonoid in b, where AB{a) ~ a-k Uk (E> Wfc, 

B 

{A, Al, lPl) is a comonoid in l M ^ , where (a) ~ ao xj ®yj, 

L 

{A, At, ipr) is a comonoid in tMt, where Axia) — a-ku^ , 

T 

{A, Afl, lpb) is a comonoid in rMr, where A/f (a) ^ a o x-' ® y-' . 

R 

Compatibility of A^, for example, with multiplication means that a -k Uk (Ei — 

B 

Uk (i) Vk * a, a well known property of the dual basis. Although the compatibility 

B 

conditions of A^ with * are very different from what one needs in a bialgebra or 
in any quantum groupoid, this is not so with Ab and o. 
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Proposition 3.2. Let A be a Frohenius double algebra. Then both} 

{V,B,^pl\b,Vr\b,^b,Vb) and {H, L,'Pb\l,Vt\l, 

satisfy the axioms of a left bialgebroid 14 , except multiplicativity of the comultipli- 
cation and both 

{V,T,<fii\T,ipL\T,^T,(PT) and {H,R,ipt\r,^b\r., ^r.,^r) 

satisfy the axioms of a right bialgebroid ^1], except multiplicativity of the comulti- 
plication. 

Proof. We prove the statement for the bialgebroid V over B. The source and 
target maps sb ■— ^l\b'- B ^ V and is := ^r\b'- -B°p V, respectively, are 
algebra maps the ranges of which commute by (b) and (c) part of Lemma 12.21 
The corresponding iJ-B-bimodule structure on V, b ■ a ■ b' — sb(6) o tB{b') o a, 
coincides with the natural bimodule structure bHb via the equality H — V = A 
as /c-modules. Therefore the above comonoid structure {A, Ab, ^b) is precisely the 
one that is needed for F to be a left bialgebroid over B. The comultiplication and 
the counit preserve the unit because 

As(e) = e*Uk ^ Vk = (pniuk) Wfe = e* (pB^PRiuk) ® Wfc = 
— e (/3B(e * Uk) * Vk — e ® e 
(fiBie) = e o i = i 

The counit axioms (i.e. axiom (vii) on p. 80 of |14| ) now take the form 

<<2s(a o VL^B{a')) = (pBia o a') = (pB{a o ipRipBia')) a. a' ^ A 

and hold true because of the identities ipB{a o a") = a o LpB(a") and lpb'PlVb = 
'Pb = 'Pb'Pr'Pb- It remains to show the Takeuchi property of the comultiplication, 
namely 

(3.4) As(a) o {^ji{b) 1) = As(a) o (1 ® (^^(6)) a e A, beB. 

Insert here the expression of As through the dual basis Uk ^ Vk and use A2 and 
A5 to rewrite the statement as 

a*Uk* ipT^Rib) >Si Vk = a-kUk <Si tpry^Lib) *Vk . 

B B 

Now equation (|3.3|l and the expression of vbIt in Lemma l2.6l reduces the statement 
to proving that 

ipTVL{b) = ipT'PL'PBVR'PT'PRib). 

But this plainly follows by repeatedly applying Lemma [2. 21 fa*). □ 

Notice that the above proof explains the appearence of the Takeuchi prop- 
erty merely from the Frobenius structure of the double algebra. In other words, 
the Abrams-Kadison comultiplication automatically satisfies the Takeuchi property 
within a double algebra. But it is not necessarily multiplicative as the example in 
Subsection 18. 51 shows. 



The 6-tuple notation compresses the total algebra, the base algebra the source map, the target 
map, the comultiplication and the counit, in this order. 
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4. The Galois maps 

For A a Frobenius double algebra we can define the maps, for the time being in 
Mfe, 

TxY ■ A® A A>g) A where X,Y £ {L, B, R, T} are neighbours 

X Y 



(4.1) 




® 

B. 


a'] 


= a-k Uk 


®VkO a' 

B 


(4.2) 




® 

B 


a'] 


= ak x-' 


®y-'oa 

R. 


(4.3) 


ri,r(a 


® 

L 


a'] 


= aou'^ 


-ka' 

T 


(4.4) 


^TL{a 


® 

T 


a'] 


= a o Xj 


® Dj -k a' 

L 


(4.5) 




L 


a'] 


~ Uk o a' 


®Vk-ka 

B 


(4.6) 


^BL{a 


B 


a'] 


= Xj a' 


®yjoa 

L 


(4.7) 




n. 


a'] 


= a' -ku'' 


® aov'^ 

T 


(4.8) 






a'] 


= a o X-' 


® ak:y^ 



T R 



In order to see that they are well defined it suSices to show this for T^b- Using 
A5, ccntrality of the dual basis and A5 again we obtain for r E R 

(a o r) -k Uk ® Vk o a' = a -k ipx (r) -k Uk ® Vk o a' — 

B B 

a-k Uk ® (wfe * ifTir)) o a' = a -k Uk ® Vk ° r o a' . 

B B 

Also notice that due to that a ★ _ G End As and _ o a' e End bA the definition of 
FjjB is independent of the choice of Uk, Wfe within the dual basis. 

These maps will be called the Galois maps of the Frobenius double algebra be- 
cause they all are variations of the formula (id (8)/i)(A(8)id ) with some multiplication 

and some comultiplication A. The question is what module structures the F's 
preserve? The T^b is an iJ-V-bimodule map in the obvious sense, 

h -k Fhb {a ® a') o V :^ h k: a -k Uk ® Vk o a' o V — F^b [hk a® a' o v) 

R B R 

for h^v £ A. So is the T^r- However, there are more interesting module structures 
to preserve. For example. A® A\s also a left V module via v o[a®a') = voa®a'. 

R R R 

Unfortunately A® A does not have a left 1^-action unless we use the comultiplication 

B 

Ab to define it. Roughly speaking preservation of left T^-action by T„b requires 
multiplicativity of A^. This property will not hold until Section [7| so here we are 
content with considering F^^ and F^r as iJ-l/-bimodule maps, Ff,^ and F^^, as 
y-7f-bimodule maps, F^s and Tg^ as right H ®kV-modu\e maps and F^^^ and F^^^ 
as left V ®k H- module maps. 

Lemma 4.1. Let A be a Frobenius double algebra. Then the Galois maps Txy o,re 
ivertible with inverse Tyx iff the equations 

(4.9) life ★ {vk oa) = ipTipR{a) 

(4.10) {akrx') oyi ^ ipi^ipBia) 
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(4.11) 


(a o u^)-kv'^ 




(4.12) 


Xj o [yj ★ a) 


= (pRipT{a) 


(4.13) 


(uk oa)-kVk 


= ipTfLia) 


(4.14) 


{xj -k a) o yj 


= •^B.^sia) 


(4.15) 


-k{ao v^ ) 


= VBfR{a) 


(4.16) 


o (a-ky^) 





are satisfied for all a £ A. 

Proof. It suffices to prove that H4.9(l is equivalent to TgnYnB = id . Since i e is a 
cyclic vector of A ® A as an iJ-t/-bimodule, 

R 

id A® A = TbrTrb i ^ e = Uk * x^ ® y^ o Vk ■ 

R R R 

Using centrality of the dual basis of ip ^ and nondegeneracy of (pn this is equivalent 
to the validity, for all a £ A, of the equation 

Uk * {vk o x^) o tpR{y' oa) = io (^^.(e o a) 

which is the same as (|4.9|) because Uk* - is a right i?- module map. □ 

For a double algebra which satisfies the conditions of the above Lemma the index 
of a base homomorphism is calculable as 



(4.17) 






= ipii{i o i) 


e R n Center V 


(4.18) 


Ind ipR 




= (pL{i o i) 


£ Ln Center V 


(4.19) 


Ind ifB 


= Uk'kVk 


= iprie-k e) 


e T n Center H 


(4.20) 


Ind (fT 


= u'^ -kv'^-- 


= (pBie-ke) 


£ Bn Center H 



By Lemma lTKl and Corollarv l2 . 31 invertibilitv of Ind (pL, for example, is equivalent to 
ioi being invertible in BOT. Consider the special case when A is also biconnected. 
Then invertibility of both Ind (/?b and IndfL means that Uk-kVk — i- (3 and ipB{i) = 
i ■ (3' for some units /?, P' £ kx- That is to say {A, i. As, (pb) is a special Frobenius 
algebra in bMb in the sense of |12| . 

The next result is a Maschke type theorem for double algebras. 

Theorem 4.2. Let {A,Oje,-k,i) be a Frobenius double algebra for which the con- 
ditions of Lemma \4-1\ are satisfied. Let My and yM denote the category of left, 
respectively right V -modules. Then the following are equivalent: 

(1) The inclusion B A is split mono in yM. 

(2) LpB : A B is split epi m yM. 

(3) L <zV is a separable extension of k -algebras. 

(4) i is von Neumann regular element in V , i.e., there exists j £ A s.t. 
i o j o i ~ i. 

(5) R C V is a separable extension of k-algebras. 

(6) LpT : A T is split epi in My. 

(7) The inclusion T ^ A is split mono in My. 

Similar equivalences hold for H (e is regular in H iff B C H is separable iff. . . etc). 
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Proof. Since B and T are left, resp. right principal ideals of V generated by i, the 
equivalence of (1), (2), (4), (6) and (7) is a well-known result in ring theory (see 
e.g. 13 p. 175]). Assume (4). Then 

VL^sii o j) = VLii°j o i) = (pLii) = e . 

One may notice that this is a formula showing that the bottom integral i o j is 
normalized in the sense of weak Hopf algebras Next we show that the j can 
be chosen in L. As a matter of fact, let I :— LpLLpT{j)- Then i o I = ipTfLfrij) = 
frij) — i° i- Therefore the Galois property (|4.10() implies that 

e — (pL^si't ° I) — {{i ° I) -kx-') o = (ipxil) -kx-') o — x-' o I o y^ 

This means that the map 

a ji: V A iSiV, a ^ a-k {x^ o I) ® y^ 

R R 

is a V-V bimodule map splitting the epimorphism 

fiR - V ®V ^ A, a® a' ^ ao a' 

R R 

defined by multiplication. This proves (4) (5). Now assume (5) and let ek <E) fk 

R 

be a separating idempotent. Then for q := Ck o fnifk) G Cy(i?) we have 

ioqoi = ekO (pnifk o i) o i = Ck o fB^R^PBifk) = efe o (psifk) ^ ek o fk o i 
= i 

This proves (5) ^ (4). The equivalence (3) <^4> (4) can be seen analogously: the 
j can be chosen to be r g i? and then (TL(a) ~ a o Xj o r yj defines a splitting 

L 

map for the multiplication /i^ : V i® V ^ V . Vice versa, if ® is a separating 

L L 

idempotent for L dV then i is regular with j equal to o ipLifk)- D 

The extension L C is called split if there exists an L-L-bimodule map e: V ^ 
L such that e(e) = e. Since L C is a Frobenius extension, it is split exactly when 
there exists an r G Cy(L) such that r ★ e = e. In this case s{a) = fLif ° a)- If e 
is a regular element of i?, so e = e ★ j ★ e, then r can be chosen to be e 7k- j G R. 
Now assume that the double algebra have Galois maps as in Lemma IITI If both e 
and i are regular in H and V, respectively, then all the algebra extensions L G V, 
R C V, B C H and T C H are split separable Frobenius extensions. 

5. The antipode 

Definition 5.1. An antipode for the double algebra (v4, o,e,*, z) is a /c-module 



map S: A A such that 

(5.1) ifsia' ★ (a" o a)) = (^^((a' o 8(0))* a") 

(5.2) ^R{a o [a-k a")) — ipji{{S{a) ★ a) o a") 

(5.3) VLiia -k a) o a") — ipl{o-' ° (a" * S{a))) 

(5.4) ipTiia o a') * a") = ipria' -k {S{a) o a")). 



If the base homomorphisms are nondegenerate and antipode exists then it is a 
unique anti algebra endomorphism of both H and V. In the rest of the Section we 
restrict ourselves to study antipodes in Frobenius double algebras. 
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For any double algebra A the fc-module A carries four (left or right H or V) 
actions given by 

(5.5) 7; := _ o a e End bAb a e End lAl 

(5.6) Ca:=a-k. e End rAr Sa := a o _ G End tAt 

for a G A. If ^ is Frobcnius then each of these regular actions can be left or right 
transposed w.r.t. the appropriate Frobenius homomorphisms. Therefore, we define 
T^,T^ e End bAb,- ■ - etc by the following formulae. 

ipB{T<{a')i.a") = ^B{a'^%{a")) ^B{a' *T>{a")) = ^s(T„(a') *a") 

MT^aia') ° a") = Ma' ° 7^a(a")) M^' ° 7^>(a")) = MT^aia') o a") 

^K(£<(a') o a") = ipRia' o -C„(a")) Ma' o -C>(a")) = M^a{a') o a") 

MB^{a')*a") = Ma'^Baia")) Ma' B> {a")) = MBaia') ^ a") 

Lemma 5.2. For any Frobenius double algebra the bimodule maps T^{e): a 1— > 
T^{e), . . . etc are invertible with the following inverses: 

(5.7) [T<{e)]-' = C>{i) [jC<{i)]-' = B<{e) 

(5.8) [B>(e)] = n<{i) [Tl>{i)\ = T>(e) 
Proof. Any a G A can be expressed in the following two ways: 

a = Uk*(pB {vk * a) = ipRipB {vk *a)ouk = ^PR{JCvk {a) oi)ouk 

= (pR{ao C>^(i)) ouk 
a = ipR{aox^) oy^ ^(pBy^R{aox^) = -k ipB{e-k%j{a)) 

= y^ -k(pB{T<{e)-ka) 
The first implies that (i) ® Wfe is a right unit in the unital algebra A® A therefore 

(i) igi Uk = y^ . 

R R 

Similarly, the second expression implies that 

y^ <S'T^{e) = Uk<S'Vk. 

B B 

This means precisely that (i) is the inverse of 7,< (e). Employing the symmetries 
of the double algebra axioms the remaining three relations are consequences. □ 

Notice that the eight maps in the Lemma are related pairwise, no relation is 
between T^{e) and T^{e), for example. The antipode, if exists, provide these 
missing relations, 

(5.9) S = T< (e) = 7^> (z) - (e) = C< (z) . 

The existence of antipode in a Frobenius double algebra depends on if left trans- 
position (or equivalently, right transposition) w.r.t. ipB, i.e., the map End bAb — > 
End bAb, X 1^ X< (or X ^ X^), leaves invariant the subalgebra TV = End yA C 
End bAb- Similarly, transposition w.r.t. ipL should leave invariant TZh- This is 
the content of the next 

Lemma 5.3. Let A be a Frobenius double algebra. Then 
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(a) we have the following equivalences 



-'v 




<^ 


r> 




'-H 












c Bv 






c Bv 


7^< 


C Tin 




7e> 





(b) A /las antipode 

<^ cTv and C 

4^ T< cTv and C 7^i^ 

<^ C and C% C £h 

^ B^dBv and VJ% C 7^i^ 

Proof, (a) T< C Ty ^ BS*: A ^ A s.t. r< = Tgi^ay Va S A. Then S = T<(e) 
which is invertiblc by Lemma f5. 21 Thus — ^^5-1(3)) — (^^s^i(a))^ ~ ^s-^(a) 
and therefore 7y? C Tv ■ The backward imphcation is anafogous. The remaining 
equivalences then follow by symmetry reasons. 

(b) If S exists then all transpositions leave invariant their corresponding regular 
actions. If Ty C Ty and £^ C Cu then ~ T^s(a) and — £5-1(0) where 
S — T^(e) and S^^ ~ C^{i). Therefore 5 is an anti algebra automorphism of 
both H and V . Hence SipBS^^{a) = S{S~^{a) o i) ~ i o a = (pria), S(pLS^^{a) ~ 
S{S~^{a) -ki) = i-k a = (pFt,{o-) and we have 

ipT{{aoa')i.a") = SipB{S-^{a") {S-\a') o S-^{a))) 

= S'^B((5-i(a") o a) ★ S-^{a')) = (pT(a' * {S{a) o a")) 

One can obtain the analogous relation for ipi^ similarly. □ 

After these preparations the following Lemma can be stated without proof. 

Lemma 5.4. Let S he the antipode of a Frobenius double algebra A. 

(1) S is a double algebra isomorphism A A°^^p, i.e., 

S{aoa') = S{a')oS{a), S{e) = e, S{a ^ a') = S{a') * S{a), S{i)=i. 

(2) The defining properties in terms of dual bases read as 

Uk €5 {vk o S{a)) ~ (ufc o a) (g) Wfc {xj ★ S{a)) ^ y-j — Xj ® {yj ★ a) 

B B L L 

{S{a) ★ y^) = (a * x^) ® y^ (5(a) o u'') (g) i;'' = (g) (a o v''). 

R R T T 

(3) The restrictions of S to the base ideals are given by 

S{b) = ifiT^Lib), b e B, 5(0 = ifinMl), I G L, 
S{r) = ifiL'fiBir), r e R, S{t) = ipBfB.{t), t e T. 
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(4) The following maps are meaningful at least in Mfe; 

a®a'^S(a)®a' a® a' ^ S^^{a') ® a 

B L B R 

a® a' S^^{a) ® a' a (g) a' i-> S'(a') a 

L B L T 

a(g) a' 1-^ a(g> S{a') a (g) a' y-^ a' (g> S^'^ (a) 

T R T L 

a(®a'i-^a(g)S^^ia') a (g) a' i-^ a' (g> S (a) 

R T R B 

(5) The antipode relates the dual bases as follows: 

Xj (g) yj = S{uk) Vk (g) = S~^{vk) ® Uk 

L L R R 

(gv^ = S{vk) ® S(uk) Uk®Vk^ S'^{uk) ® S'^{vk). 

T T B B 

For the existence of antipode the foUowing Proposition is useful because it con- 
tains no existential quantifiers, only relations between the structure maps of the 
Frobenius double algebra. Unfortunately, it provides only a sufficient condition. 

Proposition 5.5. The Frobenius double algebra A has an antipode if 

(5.10) (ufe o a) -k [vk o a') = (frio- * a') 

(5.11) {xj ★ a) o [yj ★ a') ~ tp/f(a o a') 

(5.12) {a* x^) o (a' * y^) ~ ipL{a o a') 

(5.13) {a o u'') * (a' o v'') ^ ipB{a-k a') 

hold true for all a, a' G A. If the Galois maps are invertible then these conditions 
are also necessary for the existence of S . 

Proof. Using l|5.13|l one can write 

ipBia^T^{a")) = (y3s((a o a')-ka") = (a o a' o u'') ★ (a" o v'') 

= {aou'')i.{a" oB<,{v'')) 

Therefore, using also H5.10|l in the 3'''* equation 

T>{a") =u,*^B{^H*r>{a")) =u,*{v,ou'')i.{a" oB<{v'')) = 

= iprmiu'') * (a" o B<{v'')) = a" o {ipTVR{u'^) * S< («'=)) , 

hence is a left V^-module map, i.e., belongs to Ta- Similarly, one can show that 
(|5.11|l and H5.12|l imply that C Ca, so by Lemma [5.31 antipode exists. 

Now assume that the conditions of Lemma im are satisfied. Since those equations 
are special cases of equations (I5.1()|) . (I5.12|l . . . etc, sufficiency is obvious. Necessity 
can be seen also very easily by inserting a product a o a' or a-k a' in H4.9|l . H4.10|l . 
. . . etc and then using the defining properties of the antipode. □ 

We remark that if antipode exists then the horizontal multiplication can be 
expressed as follows 

a * a' = a * m'^ ★ friv'' * a') = (a-k u'^) o ipR{i o {v^ ★ a')) 

= {a-ku^) o ifR{{S{v^)-ki) o a) 

(5.14) ^a(i)o^;^,(5(a(2))oa') 
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a* a' — ifTia-k u^) * v'' -k a' ~ {v'' -ka') o tpL(i o {a-ku'')) 
= {v^ -ka') o IfLiii * S^^iu'')) o a) 
(5.15) ^a''^^KipLiS-\a''-^^)oa) 

There are two similar expressions that use instead. These formulae give a clue 
to construct the double algebra of a quantum groupoid in Subsection 18 . 91 15. 1 01 and 

ion 

6. Dualities 

6.1. Duals of almost bialgebroids. We study dualities between almost bialge- 
broids, the structures found in Proposition 13.21 If double algebras with antipode 
are thought of as the analogues of Ocneanu's paragroups then these structures are 
'paragroups without antipode'. 

Let {A,B,s,t,A,e) be a left almost bialgebroid, that is to say, a left bialge- 
broid with a possibly non- multiplicative coproduct. We assume that A is finitely 
generated projective both as left and right ;B-module. Then the two duals of the 
bimodule b-^b carry almost right bialgebroid structures in a way the bialgebroids 

do mi. 

The /c-modules underlying the two duals A and A are 

A =ilomiAB,BB) = {0: ^^S|0(t(6)a) = 0(a)6, aeA,beB} 
A = Hom iBA, bB) = {(p: A^ B \ 0(s(6)a) = b<j){a), aeA,beB} 
endowed with algebra structures 

(6.1) (0V)(a) = V'(s('/'(a(i)))fl(2)) 0,1/- 6^4 

(6.2) (0^)(a) =^A(t(0(a(2)))a(i)) 0, ^ e ^ 

with the unit element being e in both cases. The ;B-i^-bimodule structure of these 
duals are defined by means of the source and target homomorphisms 

^(6)(a) = s{atib)) ~tib){a) = e(a)6 
T(6)(a) = beia) 7(fe)(a) = e(as(6)) 

using the right bialgebroid convention of multiplying with source and target from 
the right, i.e., 

'5V'(at(&')) ior^JeA 
ipiasib))b' foTiPeA 



(6.3) (6-V-&')(a) 
The counits are defined as 



^(^) = V(i) ^(V)=V'(i) 

and are _B-i?-bimodule maps in the respective senses. Moreover, they satisfy 

^(V(7^(0))v) - v(i(£(i(2))0(i))i(i)) = mnm) = ^(0^) 

and the analogous one for V, which is one of the right bialgebroid axioms. Thank 
to finite projectivity dual comultiplications can be introduced by 

V'(aa') = V^'^ (a («'))) ^ e ^ 

V'(aa') = (a KV-''^ (a'))) 'A e ^4 
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((/>^,a) = {ip, (^,a(i)) • 0(2)) 
(^V(6),a) = (V',at(6)) 

(^V(&),a) = &(V,«) 
(V',s(&)a) = (V(&)V',a) 

(V',as(&)) = (V(6)V',a} 
(V',aa') = (^«-(V'('),a'),a) 



(a,0V) = (a(i) • (a(2),0),i/') 
(a,^Y(&)} = (0,7/1)6 

{a,ij~t{h)) = (as(6),7/) 

(5(6)0,7/;) = 6(0,7/) 
(i(6)a,7/)-(o,V(6)7/.) 

(at(6),7/) = (o,t(6)7/>) 
(oa',7/) = (o, (a', 7/(1)) -7/(2)^ 



Table 1 . The canonical pairings for the two duals of a left 'para- 
group' A 



which obviously make A^ respectively A, into a comonoid in gMg. It remains to 
show the Takeuchi property which for the right dual goes as follows. 

((V(6)7/(i))(o') • 7/.(2)) (a) = (^i;^^\t{b)a') ■ 7^(2)) (o) = 7/(oi(6)o') 
= (7/(1) (o') . 7/(2)) {at{b)) = (7/(1) (a') . (7(6)7^(2))) (o) 

The properties of these duals are summarized in the next table where we use 
the clearer notation (7/^,0) for V'(a) if "0 G -4 and (0,7/) for 7/^(0) if 7/; G A. These 
pairings can be used also to define duals AJ and A' of a right almost bialgebroid 

A! so that there will be natural isomorphisms A = A and A ^ A for either left or 
right almost bialgebroids. 

The table should make it clear also that A = (^coop)coop- 

Now let ^ be a Frobenius double algebra. We can apply the above constructions 
to the left almost bialgebroid 

Vb = (V", B, ipL.VR, I^b.Vb) 
found in Proposition |^| We will also need the left almost bialgebroid H^. Define 

(6.4) "k-.H-^Vb, h^LpB{hi..) 

(6.5) ~k:H-^Vb, h ^ ips'-Phi- ° h) 

both of which are fc-module isomorphisms because Lps is Frobenius. But they 
preserve more structures, 

(K{h)^{h'),v) = i^b(/i'*v'b(/i*U(i))*U(2)) = tpB{h' -k h-k v) 

= {^{h' ★ h), v) 

{v o v', ~K{h)) = (PbVl{v ° {vb^l{v' o /i[i]) ★ h[2])) 

^ (7;,(7;',^(/i)(i) •7?(/i)(2)) 

This suggests that the duals of Vb should be closely related to the right almost 
bialgebroid 

Hl^ = {H°P,L,y,T,'PB,AL,ipL). 

Preservation of the comultiplication by V and the multiplication by ~k , however, 
are not automatic. 
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Proposition 6.1. For any Frobenius double algebra {A, o, e,*, i) the pairs of maps 
( K , (p_b|l) and ( k , (p_b|l) are isomorphisms of right almost bialgebroids 



Hi" Vb H°j^ — ^ Vi 



I I 



L B L B 

if and only if antipode exists in A. 
Proof. V is such an isomorphism iff satisfies 

ipB{h*{v o v')) = ipBiih[i] o ipL^Bih^z] 
^ tpLih-kUkO w)) -kVk = o ipLVB{h[2\ ★ w) 

ifiBih-* (uk o w)) Vk (S> w' = h[i] (S) 'PBih[2] *w)-kw' 

L L 

<^ </Js(/i ★ [uk o Uj)) ★ Wfe (g) Vj — h[i] (g) h[2] 

where in each hne the quantifier V/i, w, w' € A,. . . etc are suppressed. Only the <^= 
part of the third <^ needs explanation. Use that both _ * w and (pB are left L 
module maps and then axiom A3 to produce w' on the right of ®. Then A2 brings 

ifTfL'i^Bivj-kw) to the left hand side of tifc . Finally use the Nakayama automorphism 
of ifB- In this way we have proven that the first pair is an isomorphism of right 
almost bialgebroids iff 

cTa and T< (e) (g) Vj = Xj (g . 

^ L L 

For the ~k we obtain that it preserves the almost bialgebroid structures iff it pre- 
serves multiplication, i.e., iff 

^PB^PLiv o (h' -kk)) = v7_B(/7L((i;(i) ^^pbVl{v{2) o h)) o h') 

<^ ipL{vo {Xj-kh)) O yj = V(i) kipBipLiv{2) ° h) 

^ 

<^ 7^^ C TZa and 7^<. g) yj = Ufe g) Wfc 

^ B B 

where we omitted the intermediate steps because the whole argument is the 'dual' 
(vertical <-> horizontal) of the previous one. By Lemma 15.31 fb). second row, we 
conclude that antipode exists in which case the dual basis relations are automatic 
fsee Lemma l5.4l fS*)*). □ 

If antipode exists in a Frobenius double algebra then there are many dualities 
between its four almost bialgebroids Vb, Hl, Vt, Hr and their opposites (see Table 

El). 

6.2. Frobenius integrals. Left (right) integrals are meaningful in left (right) al- 
most bialgebroids. Therefore we call an element i of a left almost bialgebroid A a 
left integral if ai ~ e{a) ■ i = s(e(a))i, a € A. A right integral on A, in turn, is a 
right integral in A, i.e., a. p ^ A satisfying 

(6.6) = p^(^(V^)) = p(-)V'(i) ipeA. 
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left 'paragroups' right 'paragroups' pairing 







and 


Hi" 


= Vb 


by 


{h, v)lb 


= (fiL^PBih-kv) 


Vb = 


= Hf 


and 


Vb 




by 


{v,h)BL 


= ^b^l{v o h) 


Hr': 




and 


Hr^ 




by 


{h,v)TR 


:= 'PT'-Pnih o v) 




= Hr 


and 




= Hr 


by 


{v, h)RT 


:= ipRipriv-^^h) 



Table 2 . Dualities inside a double algebra with antipode 



Such a p is also a right B-module map in the sense of satisfying 

p{.s{b)) ^ pt{h) = p-t{-t{t{b))) = p{.){t{h)){l) =p{.)b. 

One calls p E A sl Frobenius right integral if it is a right integral on A and a 
Frobenius homomorphism for the algebra extension s: B A. Similarly, a left 
integral i in A, as a functional on is a B-B bimodule map because not only the 
second row in the second column of Table ^ holds but 

(z, ^(6)V) = mi, ^) = {s{e{t{b))) I, ^) = {s{b) z,^) = b {z, ^) 

as well. The i is called a Frobenius left integral in A if it is a left integral and a 
Frobenius homomorphism for the extension ~s : B ^ A of algebras. It follows then 
from standard Frobenius algebra theory that a right integral p on ^ is a Frobenius 
homomorphism iff the map 

J-: A ^ A, a 1-^ 

is a /c-module isomorphism. In this case T is also an isomorphism of yl-S-bimodules 
in the appropriate sense. Note that J- {a) is the analogue of the familiar a^p, but 
" p-^a" is not meaningful. 

For a Frobenius right integral p define i := lF^^{e) which is a left integral because 

!F{ai){a') = p[a'ai) = !F{a'a) = e[a'a) ~ e{a' s{e{a))) 

^ T{s{e{a))i){a') , a, a' G ^. 

It is called the dual left integral of p. If antipode exists, so we are dealing with 
Hopf algebroids for example, then standard methods show that i is Frobenius. In 
the general 'paragroup' situation this would require more effort which we cannot 
afford here. 

However, all of these concepts become amazingly simple in the double algebraic 
context. Left, respectively, right integrals in the almost bialgebroids Vb, Vt, Hl 
and Hr have been identified in Lemma 12.41 with the top, bottom, right and left 
base ideals of A. The Frobenius left integrals in Vb, for example, are precisely the 
elements of T that are horizontally invertible, as we show next. 

Lemma 6.2. Let A be a Frobenius double algebra and let Vb and Hl be the un- 
derlying left and Vt, Hr the underlying right almost bialgebroids. Then 

• the Frobenius left/right integrals in Vb /Vt are the (horizontally) invertible 
elements ofT/B, denoted Ti,/B-^, 

• the Frobenius left/right integrals in Hl/Hr are the (vertically) invertible 
elements of R/L, denoted Rq/Lq. 

If A has an antipode then duality of Frobenius integrals reads as follows. 
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• T* and Ro are in bijection via r — ipR{t ^) and t — (pxir ^) 

• Bi, and Lo are in bijection via I — ipL(b^^) and h — ipB{l^^) 

Proof. Let t E Vb he a. left integral. Then t E T and t is Frobenius iff the map tp i— > 
{t, ip) is a Frobenius homomorphism V b ^ B for the extension ~s . Using that the 
map in Table |21 given by /i i— > {_,h)BL is a /c-module isomorphism H V b, even 
though not an isomorphism of almost bialgebroids, we obtain that h ^ ipxy^Litoh) 
should be a Frobenius homomorphism on the horizontal algebra H. Writing t — 
i o ipi^(t) this is equivalent to that 

h ^ (pri^fiLit) oh) ^ ifiTiVB^Lit) * h) 

be a Frobenius homomorphism for the subalgebra T C H. But ipT is Frobenius by 
assumption so t is Frobenius iff ipBfLit) is invertible in Ch{T). Due to Lemma 12.51 
this is equivalent to that ipB^hit) is invertible in B, i.e., t is invertible in T, i.e., 
t € T^. Similar arguments work for B, R and L. 

For duality of Frobenius integrals consider again the duality Vb ^ H'^ provided 
by {-,-)bl and by the isomorphism ipb\l- The Frobenius left integrals in Vb are 
the elements of and the Frobenius left integrals in Hl are the elements of Ro- 
For t e and r e i? 

{t,r-kh)BL = •fB^L{h) yh E H ^ t-kS^^{r) = e. 

Using that S'^-'^Ij^, = ^pl^tIb. this is equivalent to t-kipxir) ~ 'Pt{g) = i, i.e. that 
t^^ = ipT{r). But iptIb. is an algebra isomorphism, so r G Ro- Now let r E Ro and 
t E T then 

{v o t,r) BL — ^b{v), "iv eV <^ t o r = i . 

Therefore the dual integral of r is the t E T satisfying (pB.it) ° t = V-rC*) = 6, i.e., 
t — pT{f~^)- This is just the inverse of the previous construction of r from t. The 
remaining dualities are left to the reader. □ 



7. Distributive Frobenius double algebras 

The compatibility conditions between the vertical and horizontal multiplications 
in Frobenius double algebras are too weak to ensure multiplicativity of comultipli- 
cation or the existence of antipode. So we need some further assumption in order 
to obtain Hopf algebroids. No doubt, the most natural compatibility between two 
monoid structures is distributivity. What we apply here, however, involves also the 
comultiplications. It should be understood, therefore, as distributivity between two 
Frobenius structures. 

Definition 7.1. A Frobenius double algebra A is called distributive if for all 
a, a', a" E A 

(7.1) a o (a' ★ a") ~ (a(i) ° a') * (^^(2) ° o,") 

(7.2) a * (a' o a") ~ (ajij ★ o!) o (a[2] * a") 

(7.3) (a'*a")oa= (a' o a^^)) ★ (a" o a^^)^ 

(7.4) (a'oa")*a= (a' ★ a™) o (a" ★ aPl) 

Inserting a = i in the first and third and a = e in the second and fourth dis- 
tributivity law we obtain equations H5.in|l . (j5.13|l . H5.11|l and H5.12|l . respectively. 
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Corollary 7.2. In a distributive double algebra antipode exists and the Galois maps 
TxY are invertble with inverse Tyx- 

The distributive laws can also be interpreted as module algebra properties. For 
example, (|7.1|l means that £ is a left module algebra action of the algebra V , with 
comultiplication A^, on the algebra H. 




Proposition 7.3. A Frobenius double algebra {A,o,e,-k,i) is distributive if and 
only if antipode exists in A in the sense of Definition \5.1\ and the comultiplications 
are multiplicative, i.e., 

l^B-V -^V y-V Ar: H ^ H X H 

B R 

Al: H ^ H X H At:V-^VxV 

L T 

are algebra homomorphisms. 

Proof. Recall Proposition 13 . 21 that the A's obey the Takeuchi property hence they 
are /c-module maps of the indicated type. Due to the previous Corollary antipode 
exists in distributive Frobenius double algebras. Therefore we only have to show 
that in the presence of antipode distributivity is equivalent to multiplicativity of 
the A's. Consider A^. Using that (ySs is Frobenius the A^ is multiplicative iff 

(a' o a")(i) -k(pB{{a' o a")(2) ★a) = (a'^^) o a'^^^-^) * ipsHa^^) ° a'^^^) * a) 

holds for all a, a', a" G A. Inserting the definition of A^ and using the dual basis 
property this is equivalent to the equation 

(a' o a") -k a — ((a' ★ Uj) o (a" ★ Uk)) * (fB{{vj ° Vk) * a) 

The LHS is the same as the LHS of (|7.4|l . so we can concentrate on the RHS. By 
means of the antipode we can transpose Vk to the right therefore the RHS can be 
written as 

(a' * Uj -k ifB^ivj o Vk) * a)) o (a" ★ Uk) — 

[a' -ku-j -ktpBivj -k{ao S^^{vk)))) o {a" -kUk) = 

(a' ★ (a o S^^{vk))) o (a" ★ Uk) = 

{a'* {a ox'')) o (a"*/) 

where in the last step Lemma 15.41 ^ has been used. Taking into account the 
definition of Ar, given in Sectional this is precisely the RHS of H7.4|l . Arguing 
with the opposite horizontal structure we could show that multiplicativity of A^ 
is equivalent also to l|7.2|) . provided the antipode exists. Passing to the opposite 
vertical structure all of these are equivalent to that A^ is multiplicative. Similarly 
under the existence of antipode (|7.1() <^ H7.3() 44> A^ is multiplicative <^ A^ is 
multiplicative. □ 

Theorem 7.4. Let (A, o,e,*,i) be a distributive Frobenius double algebra. Then 
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• V is a Hopf algebroid 6 with underlying left and right bialgebroids 

{V,B,ipL\B,iPR\B,^B,VB) and {V,T,(pji\T,ipL\T, ^t,Vt) 

respectively, such that i is a two-sided Frobenius integral in V and the an- 
tipode is the double algebraic antipode of A. 

• H is a Hopf algebroid with underlying left and right bialgebroids 

{H,L,ifB\L,^T\L,^L,VL) and {H, R,(Pt\r,'Pb\r, '!^R,(PB.) 

respectively, such that e is a two-sided Frobenius integral in H and the 
antipode is the inverse of the double algebraic antipode of A. 

• The vertical Hopf algebroid V and the horizontal Hopf algebroid H given 
above are in duality w.r.t any one of the following pairings: 

{h, v)lb ipL^sih -* v) {v, h)BL := VbVl{v o h) 

{v, h)jiT := Vr^Pt{v * h) {h, v)tr = iprVRih o v) 

Conversely, every Hopf algebroid possessing a two-sided Frobenius integral is the 
vertical (or horizontal) Hopf algebroid of a distributive Frobenius double algebra A. 

Proof. By Proposition 17.31 and Proposition 13.21 the four 6-tuples of the Theorem 
are aU bialgebroids and there exists a (double algebraic) antipode S on A. At first 
we will show that the axioms of a Hopf algebroid antipode given in [S] Definition 
4.1] are satisfied by S, for both V and H. This definition involves only the left 
bialgebroid and S. Consider the left bialgebroid Vb- The first axiom claims that 
the source map sl = 'PlIb and the target map t^ = ^PrIb are related by Sti = s^. 
But this is obvious in the double algebra because S\r — ifLfB- The remaining two 
axioms are less trivial but also not difficult calculations within the double algebra: 

S{am)ti) oa(2) S{an))/2) = (S'(a Tk-Uj) * Ufc) °Vj 'S> Vk 

B B 

= {xj ★ S'(a) -kUk) o yj 'SiVk ^ {xj ★u/c) ° iVj *a)iSiVk 

B B 

= Uko {yj *a) i^Vk* Xj = Uk® (ufe o S{yj ★ a)) ★ Xj 

B B 

= Uk® [vk o {S{a) -ku^)) ■kv-' — Uk® (vk ou^)-kv-' -k S{a) 

B B 

^ Uk® ^PB^hivk) * S{a) ^ e® S{a) 

B B 

5'^^(a(2))(i) ® S^^{a/2))(2) ° 0(1) = S^'^ {vj a) Uk ®VkO uj 

B B 

= S~^{a) -k X-' -k Uk ® Vk ° y^ — X-' -kUk ® Vk o {a-k y^) 

B B 

= x^ -k {uk o S^^{a -k y^)) ®Vk — u^ * {uk o {v^ * S^^(a))) ® Vk 

B B 

= S^^{a)*u^ -k [uk o v^) ®Vk ^ S^^{a) ★ (pB<PR{uk) ® Vk 

B B 

= S~^{a) ® e 

B 

This proves that Vb is a Hopf algebroid with antipode S. The dual calculation, in 
which vertical and horizontal are interchanged, proves that is a Hopf algebroid 
with antipode 5*^^. But then it is an easy exercise for the reader to check that 
the right bialgebroids Vt and Hr are images under S of the left bialgebroid struc- 
tures, so that (Vb, S, Vt) and (-ffi, S~^,Hji) are Hopf algebroids ^ in 'symmetrized 
form'. 
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i being an element of both and Ti, it is a 2-sided Frobenius integral of the 
Hopf algebroid V by Lemma [6. 21 

As for the dualities we refer to Section |3 where the four pairings were shown to 
provide dualities between the underlying almost bialgebroids in Tabled Therefore 
the 4 underlying bialgebroids of A are in duality in the same sense: The pairings 
satisfy the relations listed in Table ^ We remark also that the antipode relates 
these pairings as 

S{{h,v)LB)^{S{v),S{h))nT 

Si{v,h)BL) = {S{h),Siv))TB. 

which are simple consequences of that the antipode is a double algebra antiauto- 
morphism. 

The proof of the assertion that every Hopf algebroid with a two-sided Frobenius 
integral is the vertical Hopf algebroid of a double algebra, is altogether shifted to 
Subsection EHH □ 



8. Examples 

8.1. Commutative algebras. For a fc-algebra A with multiplication {x,y) i-^ xy 
and unit element 1 define xoy := xy, x-ky := xy and e := 1 =: i. Then {A, o, e,*, i) 
is a double algebra precisely if the original algebra is commutative. 

8.2. Full matrix algebras. Let A = M„(fc) with matrix units {ejk} and define the 
associative operations 

^jk ^ ^Im — ^k.l^jm 
^jk ~* ^hn — ^j,l^k,niGjk 

where 5 denotes the Kronecker symbol. They have units e = J2j ^jj ^^'^ * = 
Sjfc Sjfei respectively. Then A becomes a double algebra with base homomorphisms 

VL{e]k) = ^niejk) = Sj^kSjk 
fB{ejk) = ^eji 

I 

and with antipode S{ejk) = ekj- This is a special case of the next groupoid example 
which, in turn, is a special case of weak Hopf algebras. 

8.3. Finite groupoids. Let fc be a field and s,t: G ^ O he a, finite groupoid. 
Defining A = kG, the /c-vector space with basis G, and 

e = X 
9°9' ^ 99' xeo 

9*9' = Sg,g'g i=^g 

g&G 



S{9) = 9-' 
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the o,e,*, i) is a double algebra with antipode. The base homomorphisms are 

^l{9) = fnig) = Sgeog 

g'eG, t(g')=t{g) 

frig) = ^ 9' 

g'£G, s(g')=s{g) 

Since finite groupoid algebras are weak Hopf algebras, this is a special case of 
Subsection 18. 101 hence a distributive Frobenius double algebra. 

8.4. Finite double categories. In a recent paper N. Andruskiewitsch and S. 
Natale |S| have shown that finite vacant double groupoids have a natural weak 
Hopf algebra structure. It is natural to expect that the notion of double algebra 
allows even more double categories. 

Let P be a double category with horizontal 1-cells H, vertical 1-cells V, 0-cells 
O, horizontal composition ★ and vertical composition o such that the set V of 
2-cells is finite. For a commutative ring k let A :— kV be the free A:-module 
generated by the set of 2-cells. Then one can extend the compositions ★ and o 
to be fc-linear associative multiplications on A by postulating the multiplication of 
uncomposable cells to be zero. The horizontal multiplication ★ has unit i — X^t^ev ^' 
the sum of vertical 1-cells, and the vertical multiplication o has unit e = 'Ylih^u ^ 
the sum of horizontal 1-cells. (We consider the 0-cells and 1-cells as subsets of 
v.) Denoting by (3,t: V — > H and X.p-.T) V the source and target maps of 
the vertical, respectively, horizontal categories we obtain the following boundary 
homomorphisms, evaluated on c G I? C ^: 

I otherwise 

Mc) =.ocj^-v, if /3(c) GO 

I otherwise 

^,(c)=c.e=|^''^«.^W=''W''" ifp(c)GO 
I otherwise 

^«(c) = e ^ c = I -('')=^(^) " * ' ^ ^ 

I otherwise 

These ficYs are like kites with fixed "triangular" head c and all possible 1-cells 
as tails and moving downward, upward, left and right, respectively. Taking into 
account the symmetry of the axioms of both double categories and double 
algebras, in order to see that A is a double algebra it suffices to check axiom Al. 



Vl(c) o d - 



X^(c* h) o d where the sum is over h GTi s.t. P{d) — t(c) * h 
if such h does not exist 



X^ ((c -k h) o v) -k d where v — X{d) and the sum runs over the 
fBfLic) -kd^ h eH s.t. r(c) ★ /i = Ar(c) = l3{v) 

if such h does not exist 
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We see that these expressions can be equal only if all horizontal 1-cells have right 
inverses. If this is satisfied then both expessions are equal to 

f(c*T(c)-i)o(i if p(c) G O and f3\{d) = At(c) 
I otherwise 

Applying the symmetry operations we obtain that A is a double algebra precisely 
if the categories H and V are groupoids. This case, of course, contains the vacant 
double groupoids but also every double groupoids. The question, however, when A 
is Frobenius and distributive requires further investigations. 

8.5. Frobenius extensions. This is an example of a double algebra which can be 
neither distributive nor Frobenius but has antipode. 

Let A'^ C M be a Frobenius extension of fc-algebras with Frobenius homomor- 
phism ip: nMn — > nNn and dual basis J^i^i ® /»• Define A to be the center 
of M (g)jv M considered as an N-N bimodule, i.e., A := (M (g)Ar M)^ . General 
elements of A are denoted by a = ai (g) a2 , with the summation over a finite index 
set suppressed. One can introduce two algebra structures on A as follows. 

ao a' := aia[ 0202 e :~ 1 (E)n 1 

a-ka' := aitp{a2a'i) (E)N a'2 i-—ei<E)N.fi 

We claim that this structure on is a double algebra. At first we compute the 
base homomorphisnis: 

(pL{a) = a-ke = aiip{a2) i^n 1 

LpB(a) = aoi ^ aiCi ®n fia.2 
ipria) = io aai 0-2 fi 
It is now easy to verify that A1-A8 are satisfied. We write down some of them: 
ipT^Lia)*a' = eiai%lj{a2)i^{fia'i) = a\ai'il}{a2) ® a'2 

= a' o ipL{a) 
(fiB^PLia) ★ a' = aiil'{a2)a'i ® a'2 — fLia) o a' 
Vr.^b{(^) o a — a'l ® a'2ip{aiei)fia2 — a'^ (g) 02 0102 
= a[ij{a2aiei) (g) fia2 = a' ★ (pB{a) ■ 
The antipode of this double algebra and its inverse are 

S{a) = ■0(efcai)a2 (E)n fk 
S'-i(a) = ek (E)N aii}{a2fk) ■ 
For example, H5.1|l can be proven by 

ifBia' * {a" o a)) = a['ip{a'2a'lai)ek ®n fka2a2 
= a[ai^{a2a2a'()ek (gAr fka2 
= ^B{{a' oS{a))ira") 

where ai (g)a2 ■— S{a) and we used the fact that 0.1^(020;) — Tjj{xai)a2 holds for all 

X eM. 
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The double algebra with antipode (or paragroup?) we have found can be related 
to the Jones tower iV C M C M2 C M3 as follows. The 2-step relative corn- 
mutants CMii^) = End AT Mat and CMsiM) = End m{M (S)^ M)m are algebras 
for composition of endomorphisms. There are two fc-module isomorphisms from 

{M®mM)^, 

n: A ^ End nM^ , 7r(a)(m) = ai^{a2m) 

•d: A ^ End m{M (^n M)m , ■i9(a)(m ®Ar m') — mai (g)N aim,' 

the first of which is requiring the Frobenius structure. Pulling back the algebra 
structures via tt and d to A one obtains the horizontal multiplication ★ and the 
opposite of the vertical multiplication o. In this way both of the 2-step relative 
commutants are double algebras and are in duality position. 

8.6. Depth 2 Frobenius extensions. If the Frobenius extension N C M dis- 
cussed in Subsection 18.51 is of depth 2 jj^ then the double algebra A constructed 
above is a distributive Frobenius double algebra. Although this is a consequence 
of (the converse part of) Theorem 17.41 and of the results of |3| a direct proof is 
desirable and follows below. 

Recall that N C M being of depth 2 is equivalent to the existence of bj , Cj € 
(M (g)A, M)^ and l3j,jj e End nMn such that 

(8.1) b] (g)N b'^jl3j{m)m' = m(g)N m' 

(8.2) mjj{m')cj — m m' 

for all m (g) AT to' G M (E)n M. In case of C M is also Frobenius the D2 bases 
are related by a Frobenius system. Let tp: M — > TV be a Frobenius homomorphism 
with dual basis ek®N fk then a right D2 basis can be obtained from a left D2 basis 

by 

7j (. ) = V'l- b])b] , c] ®N c^j = Pj (efe) (E)n fk ■ 

The presence of such a D2 basis causes the double algebra structure introduced in 
Subsection l8.5l on A = (M0jv Af)^ to be Frobenius and distibutive as we will show 
now. 

ifB is Frobenius. As a matter of fact, let Uj :— bj and Vj :— cj. Then 
ipsia^Uj) -kVj — ai-0(a26])6jc] — ai7j(a2)c] ®n = a 

Uj-kifiBivj -*a) ^ 6] (E)N ip{b'^jc]ip{c'^jai)ek)fka2 

= 6] ®N &j/3j(efc)V'(/fcai)a2 = b] (^n 6|/3j(ai)a2 = a . 
(fiL 'iS Frobenius. As a matter of fact, let 

Xj := S{uj) = 7j(efc) (g)N fk 
Vj ■= = /3j(efc) '^N fk ■ 

Then 

ipLia o Xj) o Uj = ai^j{ek)ip{fka2)P]{ei) ®n fi = 017^(02)0] 0jv = a 
Xj o ipLiUj oa) ^ lj{ek)Pj{ei)ai^{a2fi) ®n fk 

= 7j(efe)c]ai'0(a2c|) <^n fk = aiV'(a2efe) ®n fk=a. 
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Since antipode exists, the Lpr = SipsS^^ and (pR — S(plS~^ are also Frobenius. 
The corresponding comuhiphcations are 

Asia) = a*Uj ig) Vj = (oi ®Ar 7^(02)) ® (c] i^n c|) 

AL(a) = a o Hj = (ai7j(a2efe) (g)N fk) 8) (c] ®jv c|) 

AT(a) = a-ku^ (g>v^ = (oi ^jv /3j(a2)) (e^ (^n b]Tp{b'^Jk)) 

Ai^Xa) = a o a;-' «) = (efe ®Ar I3j{fkai)a2) ® [h] ®n b]) . 

Distributivity. Again by the existence of S it suffices to prove (|7.1f) and (|7.2|l . 

a o (a' ★ a") = aia'itl>{a'2ai) ®n 0,2^2 
(a(i) o a') ★ (a(2) o a") = aiaii/'(a27j(a2)c]a") 0Ar ajj'cl 

which are indeed equal due to (|8.2|) . Left distributivity demands 

(a[i] -^a') o (a[2] = {ai'yj{a2ek)'4'{fka'i) ®n a'2) ° {c]^Ac]a'l) ®n 0,2) 

= ai7j(a2ai)c]V(c|a") a2a2 
— aiip{a2a[ai) (E)n 0,20-2 
to be equal to a 7k- (a' o a") which is clear. 

8.7. Endomorphism monoids of Frobenius objects. Underlying of the double 
algebra is the category M^: of fc-modules. Replacing it with any symmetric monoidal 
closed category (V, (8),/) we obtain the notion double monoids in V. 

Let (/, /i, 77, 7, tt) be a Frobenius algebra in the monoidal category (C, □,[/). 
That is to say, 

(1) (/, /i, 77) is a monoid, 

(2) (/, 7,7r) is a comonoid and 

(3) the Frobenius properties hold: 

(/I □ /) o a/ jj' o (/ □ 7) = 7 o /i 
(/ n /i) o aj_|^^^ o (7 □ /) = 7 o ^ 

The endomorphism monoid A = End / is a monoid (in Set) with multiplication 
given by composition o and with unit given by the identity arrow f ■ f f- 
But there is another monoid structure on A given by the convolution product 
a 5 := ^ o (a □ 6) o 7, a,b € A, which has unit i := 77 o tt. It is easy to see that the 
two monoid structures obey the axioms of a double monoid in Set. If C is a A:-linear 
monoidal category then A is a double algebra over k. The more general situation 
of a depth 2 Frobenius arrow in a bicategory has been studied in jTj. 

8.8. Takeuchi products. Here we prove that for A any Frobenius double algebra 
with antipode the Takeuchi product ^ x ^ ^ is a double algebra. 

Let oi (g) 02 denote a general element on A® A, not just rank 1 tensors. Then 

B B 

the X B-product 



Axb A := {ai ® 02 E A g A\ai g a2 o ipL{b) = oi o ipR[b) ® 02, b e B} 

EBB B 
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is a ring with respect to termwise vertical multiplication. If ai ® 02 belongs to 

B 

A Xb A we use the notation ai Xb 0,2- So we define 

(ai Xb a'l) o (02 Xb 02) '-^ («i ° «2) x_b (a'l o 0,2) 
which clearly makes A x b A into a /c-algebra with unit e ® e. Indeed, 

e(8)eo(^^(6) = e(g)6Tk:e = e*6®e = eo (pji{b) ® e 

B B B B 

SO e^e€AxB A. But there exists another multiplication on the whole oi A(E) A, 

B B 

(ai (g) 02) * {a'l ® ajj) ai ★ 'Pb{o.2 * a'l) (X" 

B B B 

with unit ® Wfc . In this horizontal algebra ^ x b ^ is a subalgebra. As a matter 

B 

of fact, using the Nakayama automorphism oi ipB 

B B 

ai * fsifTfLib) ★ a2 ★ a[) (g) 03 = ai o (yS^lfe) ® </'s(a2 * a'l) * 02 



so ^ X B j4 is closed under * and it contains the unit because by (|3.4|l the Uk®Vk = 

B 

A(z) e yl X B ^- Now we are going to show that these two algebra structures 
on A Xb A obey the axioms of double algebras. At first we compute the base 
homomorphisms which we denote by (3. 



Phiai X a2) 

/3fl(ai X a2) 

PBiai X 0,2) 

Priai X a2) 



(oi X 02) * (e X e) = ai :*r ipBVL{a2) x e 
(e X e) ★ (ai x a2) = e x (pBfRiai) ★ a2 
(fli X a2) o {uk X Vk) = (fli o Uk) X (a2 o 1;^,) 
(ufe X Wfe) o (ai X 02) = {uk o ai) x (w^ o 02) 



Replacing A with ^coop the structure of A x b ^ changes as follows. There is 
an isomorphism A (E) A — > ^coop ® ^coop , a ®) a' a' ®) a under which A Xb A 

B B 

is mapped to ^coop xb ^coop (because tpL and ipR are interchanged), the vertical 
multiplication is invariant and the horizontal multiplication changes to its opposite. 
Therefore axioms A4, A5, A6 and A7 for A Xb A become the axioms A3, A2, Al 
and A8, respectively, for Acoop Xb ^coop- Therefore A Xb A is a double algebra 
precisely if it satisfies axioms Al, A2, A3 and A8. 

Lemma 8.1. Pl{A Xb A) = Cy(i?) Xb e and Pr{A Xb A) = e xb Cy(i). 
Proof. It suffices to prove the first statement. If c G Cy(i?) then for 6 G _B 

c o ipii{b) ® e — (pR{b) o c® e = c-kb ® e = c®b-k e — c® e o (pL{b). 

B B B B B 

On the other hand, for all ai x 02 G A x b j4 

(ai k ipBy:>L{a2))VRib) = (ai o (pR{b)) -k ipBipLia2) = ai* ipBVL{a2 o (fiLib)) 
= VR<PB{VL{a2) ° VL{b)) oai^ tpRifiB^PLib) o ipR(pB^L{a2) ° ai 
= ipRib) o (ai * (pB{^L{a2)) 

where in the second line we used that (pR(pB on L is the antipode inverse, hence 
antimultiplicative. □ 
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Now we verify the four axioms one-by-one. 

Al. It suffices to show that for c G Cv{R) and ai x a2 E A x b A 
(c o ai) X a2 — Psic X e) (ai x 02) 

We compute the RHS, 

(couk) ★ ipsivk *ai) X 02 = ipR(pBivk * ai) o c o Uk X a2 
^ CO ipRipsivk * ai) o Uk X a2 ^ c o [uk * ifsivk * ai)) x 02 

which is the LHS, indeed. 

A2. It suffices to show that for c G Cv{R) and ai x a2 G A x b A 

(ai o c) X a2 — I3t{c X e) -k (ai x 02) 

Inserting the definition of /3t the RHS reads as 

(ufe o c) ★ ipsivk * ai) X a2 = (ufc * ^B{vk * oi)) o c x 02 = ai o c x 02 . 

A3. The left hand side 

Puiai X 02) ★ (a[ X 02) = (ai o Uk) * <PB{{a2 ° Vk) * a'^) x 02 

and the right hand side 

PhPBiai X 02) o (a'j X flj) = ((ai o u^,) ★ ipBiphia'i o Vk)) o 02 x 03 

are equal if for all ai x a2 G A x ^ A the map 

(a o Uk) ★ <^s((a2 o t;^,) ★ _) : A ^ A 

is a right ^-module map. But this follows from the existence of antipode using 
(|5.1() and its the dual basis version in Lemma [5.41 (2). 

A8. Need to show (irio-i x 02) * {a\ x a'2) = (a'^ x a'2) o PlPt{0'1 x a2). Inserting 
the definitions of the /3 we obtain, similarly to the A3 case, that the map F — 
{uk o ai) -k(pB{{vk o 02) -k _) : A ^ A need to be left F-module map. Using that the 
antipode is invertible we can compute 

F{a') — {uk k (fsivk * (a' o 5'^"'"(a2)))) o oi = a' o S~^{a2) o ai 

which is a left V-module map, indeed. 

8.9. Hopf algebras. In this subsection we show how Frobenius Hopf algebras can 
be described as double algebras and point out the difference between the Hopf 
algebraic and double algebraic antipodes. 

Notation: In this subsection S denotes the Hopf algebraic antipode and S the 
double algebraic one. 

Let H he a Hopf algebra over the commutative ring k and assume the existence 
of a Frobenius left integral i G H. I.e., j is a left integral and the mapping / t-^ f{i) 
is a Frobenius homomorphism on the dual algebra H. This is equivalent to that 
_ff is a Frobenius fc-algebra with a Frobenius homomorphism X € H which is a left 
integral on H. Thus we are in the situation considered in J^I- These left integrals 
are connected by the duality relation X^i = 1, or equivalently, i^X = s. We will 
need also the right integrals p ~ XS^^ and its dual right integral j = S{i). With 
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(7 G H denoting the distinguished grouphke element A ^ i and with r 
have for a G H 

ai — e{a)i ja — je{a) 

ia = i(j{a) aj = T{a)j 

X^a ~ lA(a) a^p — lp{a) 

Xii) = 1 p{j) = 1 

dual basis of A: Z(2) dual basis of p: §5 S'(i(2)) 

The Nakayama automorphism of A can be computed tohe v = S~'^a where a{a) = 
cr ^ a is an algebra automorphism of H. Since the inverse a^^{a) — a^i^aS{ai^2))i 
we obtain that P{a) :— Sa^^S^^{a) = a^a is another automorphism of H. But 
the coopposite argument shows that also SP~^S~^ = a. This proves S^a = aS^. 
Coassociativity implies that a(3 = (3a and therefore we arrive to the relation 

(8.3) S-^af3S ^ f3-'^a-^ ^ {f3a)-K 

A. Connes and H. Moscovici introduced in 'W the 'deformed' antipode 

(8.4) S -.^i^-^S-^ ^a-^S ^ Sp 
which satisfies 

(8.5) S{a^a')^ S{a')^S{a) 

(8.6) S{ai.a')^ S{a')i.S{a). 

Proposition 8.2. Let {H, •, 1, A,e, S") be a Hopf algebra with a dual pair (A, z) of 
Frobenius left integrals. Define the Fourier transforms T{a) = a^X, J-~^{Tp) — 
i^ipS^^ and the convolution product a-ka' = J-'^^{J-{a)J-{a')). Then {H, •, l,*,i) 
is a distributive Frobenius double algebra. The base algebras are L = R = k ■ \ and 
B ~ T — k ■ i and the double algebraic antipode is S — v~^S~^. 

If (v4, o,e,*, z) is the double algebra arising from a Hopf algebra as above then 
the Hopf algebra can be reconstructed as {A, o^e, Asj'.pB, S^^i^^^) where S is the 
double algebraic antipode and vl is the Nakayama automorphism of tp^. 

Proof. Since is a A:-module isomorphism, (H, i) is an associative unital algebra. 
The following alternative expressions for ★ will be useful, 

a ★ a' = A (^S^^{a'(^i^) a'^g) — '^[i) ("^^^(^(2)) ^) ~ ^(i) ^ i'^^^i'^') '^(2)) 

At first we compute the base homomorphisms. 

(^i(a) = a * 1 = lA(a) 
(^7? (a) = 1 ★ a = lp{a) 
(Pb{o) = ai = e{a)i 
ifTio-) = ii = io'{a) 

All of them being scalar multiples of some identity the double algebra axioms 
reduce to triviality. Due to the normalization e(l) = cr(l) = 1 and A(z) = 1 and 
p{i) = e{!F~^(X)) = e(l) — 1 the images of these fc-homomorphisms are k ■ 1 and 
k ■ i, respectively. 
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The dual bases of A and p are also dual bases of the ipL and ipR, respectively. 
Using the expressions 

e(a ★ a') = \{S-^{a') a) , a{a ★ a') = A(5-^ (a(a')) a) 

it is easy to check that the (ps and (pT are also Frobenius with dual basis 

i{i)^i{2), Q!~^(^(i)) 0«(2) 

respectively. This proves that {A, •, i) is a Frobenius double algebra. 

In order to sec distributivity wc calculate the comultiplications using the dual 
bases obtained above. Note that sofar a(i) (S> a(2) stood for the Hopf algebraic 
coproduct A(a). Fortunately, this is consistent with the double algebraic notation 
because we find below that As = A. 

As (a) = (g) i(2) •ka = i(i) ig) A(S'~^ (a(i) )i(2) ) 0(2) 

= a(i) (g) a(2) 

Axia) = a"^(z(i)) (g) z(2) ★a = a"^(i(i)) (g A(S'"^(a(i))i(2)) a(2) 

= a"^(a(i)) (ga(2) 
AL(a) = ai(2) (g 
Afl(o) = az(i) (g S{i^2)) 
The distributivity laws: 

a(a':*ra") = aa(i)A(S'"^(a")a(2)) = a(i)a(i)A (^S'"^(a")S'"^(a(3))a(2)a(2)) 
= a(i)o' (g a(2)a" 

{a' ■ka")a = a'(^^^aX{S~^ {a")a'^2)) = <^(i)'*(i)A ('S'~^(a")<^(2)'*(2)'S'(a(3))j 
= a(i)«(i)A (s'-^(a"S'z/S'(a(3))) 0(2)0(2)) 
= o'a(i) -k a" SuS{a(2)) = o'o(i) ★ o"/3~"^(o(2)) 
= o'a(i)*aV2) 

a* (a'a") = o'd^of^A (5-i(a'('2))5-i(a'(2)) o) 

= a'(i)A (^-i(a'('2)) az(2)) a'('i)A (5-i(a'('2))5-i(z(i))) 
= (az(2) ★a')(5'~^(i(i)) ★a") = (o[i] ★a')(a[2] *a") 
(a'o") ★a a(i)a(\)A (^S^^{a) 0(2)0(2)) 

= a(i)A ('S'"^(o»(i))o(2)) 0('i)A(i(2)0(2)) 

= (o'*oW)(o"*o[2l) 

Since antipode exists in distributive double algebras, the next line 

ff(a'*(a"o)) = \{S-^{a"a)a') = \{S-^{a")a' S{a)) = e{{a' S{a)) * a") 

proves that the double algebraic antipode is = v^'^S^^ . 

As for the reconstruction of the Hopf algebraic data it suffices to observe that 
the Nakayama automorphism of A is the Nakayama automorphism of (pL- □ 
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The difference between S and S* is a measure of unimodularity. Indeed, if cr = e 
then V — S^^ and therefore S = S. 

One may want to check directly that = [S® S)A°^ . As a matter of fact, the 
famihar identity for the action of the Nakayama automorphism on the dual basis 
reads for A as ® v{i(2)) — i(2) ® Therefore 

as promised. 

Remark 8.3. Any Hopf algebra H has a Hopf algebroid structure in which the Hopf 
algebroid antipode is the Hopf algebra antipode 6^. In this case At = {S®S)A°g. 
However, in this Hopf algebroid there exists no 2-sided Frobenius integral, unless 
H is unimodular. 

In order to complete the picture we compare the above double algebra of a Hopf 
algebra to another one which is obtained from the right integral j. Define 

(8.7) a^a' -.^ J''-^{J^'{a)T'{a')) a,a' e H 

where T'{a) — p'—a. Since F' = S~^J-S~^ where S is the antipode of H, the new 
convolution product can be expressed with the old one as 

a*a' = S{S-\a')i.S-\a)). 

This means that 5* is an algebra isomorphism {A,-k,i) — > {A, But then the 

formula S = ly^^S^^ and the fact that u is a. (vertical) algebra isomorphism leads 
to the isomorphisms 

(8.8) ^ 

(8.9) {A,;l,*,i) ^ (A,.,l,*,j)°P„p 
of double algebras. 

8.10. Weak Hopf algebras. Here we want to generalize the construction of the 
previous subsection. This weak Hopf algebraic generalization is, however, not 
straightforward at all because it depends on the nontrivial theory of invertible 
modules and half grouplike elements developed by P. Vecsernyes in |2] . Since that 
paper considers finite dimensional weak Hopf algebras over a field K, we have to 
assume the same. 

Notation: In this subsection S denotes the weak Hopf algebraic antipode and 
S the double algebraic one. 

Let {W, •, 1, A,£, iS*) be a Frobenius weak Hopf algebra over the field K. This 
means a weak Hopf algebra over K with a left integral A in the dual weak Hopf 
algebra W which is also a Frobenius homomorphism W ^ K. Let i denote the 
dual left integral in W , i.e., = \ and i^X = e ^5^. We use the notation Wl,r 

for the left /right subalgebras of W defined by the idempotents 

tTl-W^Wl a i-> e(l(i)a)l(2) 
T:n\W^WR a l(i)e(al(2)) 

and ttl, ttji stand for the analogue objects for W . The left integral property of i 
reads as 

(8.10) ai^TT^{a)i a e 
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but we would like to know what is ial Vecsernyes proves that ct := A'^i is a left 
grouplike element, 

^■(l) ^ 0-(2) = £{1) O- (81 £(2) cr = S{a^^) £(1) cr£(2) 

7fj,(a-) £ 7fa{(r) = S{a)a . 
Therefore (see p.510 of ED) 

X^ia = a^a = {S{(T^^)e(^i^, a)ae(2) ~ {a, e ^ {a^ S {a^^ j}) 
= a^nji{a^S{a^^j) = X^i'K,i{a^S{<7^^)) 

implying 

(8.11) ia = iT:i,{a^S{(j~^)), a^W. 

Equations (jglUjl and (|CTT) are going to define the bottom and top base homomor- 
phisms if is a double algebra. For that we need a convolution product which we 
define exactly as in the case of Hopf algebras, 

(8.12) a-ka' := T^^{T{a)T{a')) where J^(a) A , 
and can be expressed as 

a-ka' ~ a' ^ S^^{a^ X) 

(8.13) =(A,5-i(a'(i))a)a'(2) 

= a'(4)5"^(a(3))a'(2) {X, S~'^{a[^^) a) 

= a(3)^i-('5'"^(«(2))) {>^^ S^Ha'ii)) a) 

= a(3)7ri(S'"^(a'(2))5"^(7r^(a(i)))) (A, S^^a'^^)) a(2)) 

= a'(3)7ri(S'"i(a'(2))a(i)) {X, S^'^{a[^)) a(2)) 

= S'(S'"^(a'(3)))S'~^(a'(2))a(i) (A, 5"^(a(i)) a(2)) 

(8.14) =a(i)(A,5-i(a')a(2)) 

Using these two expressions for the ^-product and introducing also the right integral 
p :— S^^{X) we find the base homomorphisms to be 

(8.15) ipLia) ^ a-k I = X^a 

(8.16) ipii(a) ^ 1 -k a = p 

(8.17) LpB{a) = ai = T^L{a)i 

(8.18) ipT{cL) — ia — i-K^la-^ S{a~'^)) 

The first two implies that the L and R base ideals are equal to the VFl, Wr 
subalgebras. B is the trivial left W^-module Wi and T is the space of left integrals 
in W. 

Verifying the double algebra axioms the following formula is useful: 

(8.19) {lal') k {ra'r') = lr{a ★ a')l'r' , IJ' ^Wl, r, r' G Wr, a,a' 

which follows easily from (|8.13(l and H8.14|l using the special form of the comulti- 
plication on Wl, Wr. It implies that 

((A^a)i) ka = {X^a){ik a) ~ (A^a)a' 
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which is Al. Axioms A2, A5 and A6 can be shown similarly. The remaining four 
are slightly different. A3 and A8 follows using that is a VFi,-WL-bimodule 

map and then H8.19|l . E.g., A3 is proven by 

{X^{ai)) a' — (A-^ (tTj;, (a)i)) a' = 7ri(a)(A^i) a' — t:l{ci) ol 
(ai) -k a' — (tTj^ (a)*) * a' = tt^ (a) (i 7k- a') = {a)a' 

The remaining two axioms require the analogous properties of p. 

The 93's are all Frobenius homomorphisms as we are going to show now. The 
dual bases of ipL and ipR are i(2) ® '^'^"'^(^(i)) and ® S(i(2))i respectively. The 
first statement follows from duality of A and i, the second from the relation ipn = 
SlplS^^. In order to show that the dual basis of ipB is Z(2) we at first use 
(|8.13|l to calculate 

TT^ia-ka) = (A, 5*^^(1(1)0') a) 1(2) = 5(1(1)) (A, 5"\a') 1(2) a) 

and then 

Hi) * [■^L{ii2)*a)i] = l(i)(A, 5"^(a)l(2)i(2))i(i) = a 

[7ri,(a*Z(i))i] ^1(2) = (A, S'"^(l(i)i(i))a)l(2)«(2) = a 

as we have claimed. The dual basis of (px does not follow easily from this because S 
does not relate them like it did ip^ and ipn. It is time to introduce S :— h'~^S~^ by 
analogy with the Hopf case, where v is the Nakayama automorphism of A, therefore 
|21| V = S^^a where a{a) :— a ^ a. So we have S{a) = a^^ S{a), an algebra 
antiautomorphism of W. But it is also an antiautomorphism for the convolution 
product, 

S{a)^S{a') = (A,5-i(5(a')(i))^(«))5(a')(2) 

= (A, S-\S{a')(,-,)i^-^S'\a)) 5(a')(2) 5(a')(3)) 
= (A,a'(3) i.-i5-i(a))5(a'(2))(a-\5(a'(i))) 
= (A,5-i(a)a'(2))^(a'(i)) 
= S{a'ira) 

and therefore also S{i) — i. Notice that for r £ Wr one has S{r) — a^^ S{r) — 
{(T^^ l)S{r) = S{r) because a^^ is also left grouplike. Thus we arrive to the 
desired relation 

ipBiS{a)) = Tr^icr^^ ^S{a))i = S{'!ra{a(2))) i S{a[i))) = S{iTTa{a^ S{a^^))) 
= Sipria) . 

Thus ifT is also Frobenius. This finishes the construction of the Frobenius double 
algebra {W, •,!,*,«). 

Now we can compute the comultiplications. 

AB(a) = i(i) (8)i(2) *a = i(i) ® (A, S'"^(a(i))i(2)}a(2) 
(8.20) =a(i)«'a(2) 

B 

so we can keep the notation a(i) O 0(2) for Ab but putting the i3-module tensor 
product instead. The precise relation is, of course, that Ab = HA where II: A® 
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A A(S^ A is the canonical epimorphism. About 

B 

(8.21) AL{a) ^ ai^2) S-\ni)) 

is nothing to say. The remaining comultiphcations will not be used explicitly, so it 
suffices to remark that because of SipL = ^rS the right dual basis and therefore 
the right comultiplication A^, too, can be calculated from those of (pL- 

What we already know about S is at the half-way of proving that S is the an- 
tipode of this double algebra. We have seen that 5 is a double algebra isomorphism 
W W°^^p. So it suffices to verify the antipode axioms (j5.1|l and (j^J. 

ipsiia'Sia)) * a") = 5(1(1,) (A, S-\a")l(^2)a' iy-'S~\a)) i 

= 5(l(i))(A,5-i(a"a)l(2)a')* 
= (pB{a' * (a"i)) 
^L{a'{a"*S{a))) = (A, 5-^(0(1)) a'(a" * 5(a)))l(2) 

= (A, 5-i(a(i)) a'(A, 5-i(5(a)(i)) a")(a-i -5(a)(2))) 1(2) 

= (A,a(2)a"} (A, S'"^(l(i)) aV"^5"\a(i))} 1(2) 

= (^,a(2)a") (A, 5*^^(1(1)0(1)) a'} 1(2) 

= {\ 'S'"\l(i)) a(2)a") (A, 5~^(a(i)) a') 1(2) 

= (A, 5"\l(i))(a' *a)a") 1(2) 

= ifLiia' * a)a") 

Having the antipode distributivity is equivalent to that two comultiphcations, 
Ab and for example, are multiplicative. Multiplicativity of the others will result 
from applying 5. Multiplicativity of A^ is an obvious consequence of multiplicativ- 
ity of the weak Hopf algebraic comultiplication because of (|8.20() . Multiplicativity 
of Ai is proven by the calculation 

AL(a)*AL(a') ^ aif^2) * a'i{2') I) 5"^(i(i)) ★ 5"^(i(i/)) 

= (A, 5"^(a(;^)i(2'))ai(2)}a(2)Z(3') ® 5"^(i(i)) ★ 5"^(i(i')) 
= 0(2)^(3') ® 5"^(a'(i)i(2')) 0*5^^(^(1')) 
= a(2)*(4) 8) (A,5"^(i(2))5"^(i(3))5"^(a(i))a}5"^(i(i)) 
= a(2)7r,.(i(2))i(3) A,5~^(a'(i))a) 5"^(i(i)) 
= (a*a')i(2) 5~-^(i(i)) = AL(a*a'). 
Let us summarize what we have proven above. 

Proposition 8.4. Let {W, •, 1, A, e) be a finite dimensional weak Hopf algebra over 
the field K and let i £ W be a nondegenerate left integral. Then {W^ •, 1,*, i) is a 
distributive Frobenius double algebra where the convolution ★ is defined by f8.1S\) . 

Reconstruction of the weak Hopf algebra from its double algebra is not possible 
completely. Of course, the antipode 5 is completely reconstructed from 5 and from 
the Nakayama automorphism of (pL- From the weak bialgebra structure, however, 
only two bialgebroids remain, Vb and Vr, in the double algebra. The restriction 
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eji of the counit cannot be reconstructed. This means that the double algebra has 
to be supplied with the data of an index one Frobenius functional -0 : i — > if on 
the separable K-algebra L Propositions 7.3, 7.4]. 



8.11. Hopf algebroids. Here we will show that a Hopf algebroid in the sense of 
[HI with a chosen two-sided Frobenius integral i is a distributive Frobenius double 
algebra, thereby finishing the proof of Theorem l7.4l This task is much simpler than 
the analogous ones in case of Hopf and weak Hopf algebras because the Hopf alge- 
broid antipode is flexible enough to become a double algebraic antipode. Therefore 
we do not need distinguished grouplike elements to deform the antipode with. 

Let A — {A, B,SL,tL,jL,TTL) be a left bialgebroid over B in the category of k- 
modules and let {A, S) be a Hopf algebroid with a Frobenius (called 'nondegenerate' 
in 0) left integral i e A. Without loss of generality we may assume that i — S{i) by 
deforming the antipode if necessary '6, Proposition 5.13]. In the sequel we use the 
double algebraic notation for tensor products like ®, ®,. . . cf. the dictionary at the 

B L 

end. Let0: bAb ^ ^iJ^ be the unique Frobenius homomorphisms with dual basis 
i^^-* ® S'~^(i'^-'). Let ^A = Hom(BA, bB) and define the Fourier transformations 

L 

J- : A ^ ^A a ^ 

and the convolution product 

a*a := T-\T{a) • T{a')) 

where the dot is the multiplication on ^A that is the opposite of the one given in 
|14[ Eq. (42)]. (This oppositeness is to comply with equations (|5.14|) . H5.15|l .') Now 
it is obvious that ★ is associative with unit i. A concrete formula can be calculated 

as 

a* a' = . <^(5-i(z(i))(2) a')] a 

(8.22) =a'^'^SL0(5-i(a'^'V) 
So we have the base homomorphisms 

(8.23) ipL{a) ^ a*l = SL(t){a) 

(8.24) (pR(a) = l*a = a(2)si0(S-i(a(^))) 

(8.25) ipBia) — ai — SLTr^{a) i 

(8.26) 'Pria) = ia = i SR'!T„{a) 

From the above formula for a * a' it is immediate that 



{lal')*{ra'r') ^lr{a*a')l'r' 1,1' & sl{L), r,r' e sr{R). 
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Therefore axioms Al, A2, A5 and A6 can be shown easily Hke in the weak Hopf 
case. The proof of the remaining ones goes as foUows. 

tpL^B{.a)a' = SL(t>{,SLTrL{a)i)a' = SLi^L{a)a' = (sL7ri(o)?) ★ a' 
•fRVB{a)a = i^^^ SL(l){S^^{i''^^)S^^{sLT^L{a)))a = S^^{sLT^L{a))a 



a 



= a ★ ipT{ci) 

aipLVria') = a SL(f>{isRTTa{a')) = asL(f>{iS~'^{sB,TTa{a'))) 

= asLTTLS^^{sRTTa{a')) = aS'~^Sfl7r„(a') = (iS'"^Sfl7r„(a')) * a 
= {isR'Kji{a)) -k a ~ ipTia) * a 

Thus we have a double algebra. 

Next we want to show that is a ★-antiautomorphism. For that we need an 
alternative formula for the convolution. At first, notice that S{i) = i implies 

(8.27) z(')®^-i(z(i)) = ^(i(i))|Z(2) 
Using also the calculation 

B B 

B 

(8.28) =a(i)<ga(2) 
we obtain 

a*a' = a-kS~^ {S{i{i)) SL(t>{i(2)S{a'))) 

= a*tL0(i(2)S'(a'))i(i) = tL(j){i(2)S{a')) (a*i(i)) 

(8.29) =ti(/.(a(2)^(a'))a(i) 

A consequence is that S is ★-antimultiplicative, 

S-\ai.a') = tLcb{S-\a'^'^) a) S-\a'^^^) = iL</.(^-i(a')(2) ^(^"'(a))) ^"'(a')(i) 

(8.30) ^ S-\a') k S-\a) 

By construction the ipL is a Frobenius homomorphism to L := sl{B) C A with 
dual basis (|8.27|l . From double algebraic experience one conjectures that (^s has 
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Hopf algcbroid 


double algebra 


i 


e 


L 


j5 


R 


T 


sl 


^l\b 


tL 


Vr\b 


sr 


1 


i^R 






L 


tL{L)^SR{R) 


i? 










rAr 


VI An 


Rj^R 


J' A J' 


lA^ 


lAl 


rA^ 


rAr 


jL(a) = a(i) (g) a(2) 


Asia) = a(i) a(2) 


R 


AT(a) - a(i) ® a(2) 

T 


a two sided Frobenius integral i 






AL(a) = a[i] (Xi a[2] 


azW«.5(i(2)) 




s 


S 



Table 3. The dictionary 



dual basis in) ii2)- Indeed, 

B 

SLTTLia -k -k 1(2) = SL7rx,(iL0(a(2)S'(i(i))) a(i)) «(2) 
= SL7rj,(a(i)) SL0(a(2)5'(i(i))) i(2) = SL7rj,(a(i)) a(2) = a 
«(i) * (sL7i'i,(i(2) *a)i) = i(i) * 5'~"^SL7rx,(i(2) * a)i 
= tLTTL{tL(l){i{3)S{a)) Z(2)) = (7ri(i(2)) (?!)(i(3)S'(a))) 

Using also ipR = S^^lplS and ipT = S^^^pbS they also are Frobenius homomor- 
phisms. Summarizing, we found the dual bases 

Xj (g) yj = S{i(i)) ® Z(2) 

Uk®Vk= ®i(2) 

2.J ^yi =i(l) ^5'(j(2)) 

(g) = 

T T 

Together with equation H8.28|l the 2"^^ and 4*'^ of these imply As = 7l and At = 
7_R. In particular As is multiplicative. But we want to prove distributivity directly. 
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Since 5 is a double algebra antiautomorphism, it suffices to verify (|7.1|l and H7.4|l . 
(a(i)a') * («(2)a") = a^2)^''U"'-'^ s^^ (^S~\a^2)^'^ a"^'^) a^.^a') 

= a*- 'tR'Kn{a^ >)a ' SL(t>{S [a ^ ')a) 
~ a{a' -k a") 

wfiere in ttie 3'"'^ row we used ttie Takeuclii property for At {a"). 
(a' * a[il)(a" * al^]) = ^ (ai(i)))(a" * 

= (a' *a5-i(a'('2))) 

= ti0(a'^2)'^(2)'S'(a)) = (a'a")*a 

Tlius we fiave proven that {A, ■, i) is a distributive Frobenius double algebra. 
For then the antipode exists S will be proven to be the antipode once we verify one 
of its defining relations, let us say the last one in Lemma I^T^ (2) which says 

T T 

But this is precisely the left integral property of i, cf. 6, Lemma 5.2]. The dictio- 
nary in Table helps to compare the Hopf algebroid notations of ^ and [7] with 
the double algebraic notations. 

This finishes the proof of Theorem 17.41 The calculations presented in this sub- 
section perhaps illustrate the advantage of the double algebraic view as opposed 
to the bialgebroid view of Hopf algebroids, at least when a Frobenius integral is 
present. The question is still pending whether anything remains from the double 
algebra structure in the absence of good integrals? 
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